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Abstract 

The general u-model-type string action including both massless and massive higher 
spins background fields is suggested. Field equations for background fields are followed 
from the requirement of quantum Weyl invariance. It is shown that renormalization of 
the theory can be produced level by level. The detailed consideration of background fields 
structure and corresponding fields equations is given for the first massive level of the 
closed bosonic string. 



1. Introduction. The cr- model approach |]T], Q still remains a basic method of description 
of string modes interactions allowing to construct effective action for string excitations [@]. 
This approach is based on insertion of the interaction with background fields into string action 
and on the principle of Weyl invariance of corresponding quantum theory. The programme 
of investigation of different aspects of string theory in framework of such approach has been 
proposed in [Q-IQ and considered in numerical publications (for review see 0, Q ) but for 
massless background only. As a result the above approach has led to the famous equations for 
background fields. 

This paper is devoted to a generalization of Fradkin-Tseytlin effective action approach 
to describe not only massless but also massive higher spin modes dynamics. By the present 
time different approaches to derivation linear field equations for massive string excitations have 
been developed We hope that our approach allows to obtain interacting equations for 

massive higher spins field^. 

The standart cr-model lagrangian Q is constructed with the help of dimension two oper- 
ators daX^dbX'^ and R^'^\ where x^{a) are string coordinates and i?^^-* is world sheet curvature. 
The corresponding irreducible background fields G^y{x), A^y{x) and are identified with 
massless states in the closed string spectrum. On the face of it the inclusion of massive mode 
background fields is a trivial enough problem. We should simply add to standart a-model la- 
grangian terms containing derivatives of fourth, sixth, eighth and other orders with respect to 
world sheet coordinates cr". This procedure has been discussed for many times (see for examples 

0, i BUI)- 



It is convenient to rescale string coordinates x^ — > ya'x^. Then taking into account con- 
tributions from all string modes, both massless and massive, the complete action should have 
the form 

S = jd'a Y.i^r E Ot\a,dx{a)) B^-\x{a)) (1) 

n=0 in=l 

Here are background fields corresponding to given massive level n and are some 
composite operators constructed from y^, g'^^^ (9x, R^'^\ ddx, dR^^\ .... At given n the 

dimension of Oj-"^ in derivatives with respect to cr" is equal to 2n + 2. is the number of 
irreducible operators O-^'' at given n. All background fields B^'^^ as well as the string coordinates 
x^{a) are dimensionless. Now the power of a' is connected with the number of given massive 
level. Hence by following the power of a' we follow the corresponding massive level contribution. 

But if we try to consider the theory with the action (1) seriously we will face immediately 
with the following problems. 

• a. Is it really possible to write out all irreducible operators and corresponding 
background fields i^f"'* for each given massive level? 

• b. May be we will not have enough background fields to find correspondence with the 
string spectrum or, on the contrary, will have too many of them. 



^We do not discuss here the interaction of the tachion mode (see for example |9[ p^ ) 

^The problem of higher spin interactions has been investigated recently in [ p^ on the base of new supersym- 
metry out of string theory framework. 
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• c. It is evident that the theory under consideration will be nonrenormalizable if we take 
into account any finite number of massive levels in the action (1). One can expect that 
the theory will be renormalizable only in generalized sense when infinite number of terms 
is included into the action together with infinite number of all admissible counterterms. 
As the action (1) includes all permissible operators constructed of da, and gab with all 
possible background fields we believe that the theory will be multiplicatively renormaliz- 
able because all suitable counterterms should have structure analogous to the structure of 
action (1). It means that we have a possibility to construct renormalized trace of energy- 
momentum tensor and to get equations of motion for background fields sl""* by imposing 
the condition of Weyl invariance. Unfortunately, this programme has a weak point. It is 
not a simple thing to calculate the quantum trace of energy-momentum tensor in explicit 
form taking into account contributions of all massive levels. It seems to be more suitable 
to consider massive levels in turn step by step, starting with the massless level and then 
adding the first one, the second and so on. We will show that such point of view really 
can be realized. 

• d. If we demand the theory under consideration to have quantum Weyl invariance then 
we can expect some equations for background fields. Can we be sure that these equations 
correspond to the known equations defining each given string massive level? Obviously, 
to answer this question it is sufficient to deduce linear equations for background fields. 

• e. One can expect that the requirement of Weyl invariance will lead to equations of motion 
for bosonic fields of lower and higher spins interacting with each other. It is generally 
accepted that these equations are inconsistent. Hence we can face with the inconsistency 
problem in the string theory as well. 

So. the attempt to add to standart cr-model action terms corresponding to massive string 
excitations immediately creates the essential problems. The main aim of this paper is to try to 
consider some of them in details. 



2. Structure of One-loop Renormalization. The main result we are going to discuss 
here is formulated as follows. Let us consider the action (1) where all massive level contributions 
are taken into account and calculate one-loop counterterms. Then to find counterterms giving 
contributions to renormalization of definite massive level it is sufficient to take into account 
only this given level and all lower massive levels. The background fields of higher massive levels 
can not give contribution to renormalization of the given level background fields. 

Let us write one-loop effective action: 

r« = ^+iTrln7i, 
where S is the action (1) and the operator 'H^^y is 

H (2) 
It is evident that this operator has the form 

oo 

n -D^ + J2 P"'>'Da, . . . Da,„ (3) 
A;=0 
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where 

Dad.x'' = dad.x'' - ri,{g)d,x'^ + T>i^{G)daX^d,xP, 

r(g) and T[G) are connections constructed of the world sheet metric Qab and background metric 
G^j, respectively, D'^ — g^^DaD},. The coefficients P"i - "2fc depend on background fields and can 
be written as 

oo 

P=^(a')"pH. (4) 

n=0 

Here P^^^ depend only on background fields of the given massive level with the number n. Then 

oo -1 / oo 1 \ ' 

IVlnTi = IVln (-D^) - E yTr E i'"^ -"^'=i^ai • • • D,,,— (5) 

1=1 * \fc=o ^ / 

Remind that all background fields as well as coordinates x^ are dimensionless. The only di- 
mensional parameters of the theory are a' and a". 
The action corresponding to n-th massive level is 

{a'T d'aY^Ot^Bt^ (6) 

A suitable counterterm should have the following form 

{a'Y d-aY.Ot^T^\Bl (7) 

where tI[''\b) arc some dimensionless functions of background fields. Taking into account the 
eqs.(4,5) we sec that to create (a')" in the counterterm (7) one can use in action (1) only n-level 
and all other levels with numbers less than n. 

Thus, to renormahze background fields of massless level we can use only background fields 
of this level. To renormahze background fields of the first level we can use fields of this level and 
of the massless one and so on. Although the theory is renormalizable only if infinite number 
of counterterms is taken into account, we can use these counterterms step by step, level by 
level. Renormalization of any given level background fields demands only the finite number of 
counterterms. Remind that we have made the above conclusion in the one-loop approximation. 
However we believe that this result should valid in higher loops as well. 

Thus we have a possibility to consider cr-model type action containing contributions only 
of finite number of massive string levels. For example the action in the theory of interacting 
massless and first massive level excitations should have the form 

5 = /rfV ( E Ol^Bf^ + a' E O^B^^ (8) 
\io=i n=i / 

The rest of the paper will be devoted to consideration of this case only. 

3. Background Fields of First Massive Level. Our aim here is to write out all 
irreducible operators and to introduce all corresponding background fields B^^. The 
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operators O^^ can be constructed of the objects dax'^, Dadbx'^, DaD^dcX'^, DaDfjDcddx'^, R^'^\ 
daR^'^\ DadbR^^^ employing the metric g"''^ and antisymmetric tensor e"* and taking into account 
that the dimension of the O^^^ should be equal to four. As a result we obtain: 



11=1 



Y^oll^B^l^ = ^{g'''g'"'daX>^dbX^dyddX^F!^lUx) + 



+ g'''e^daX^dbx''d,x''ddx'^F!^X^{x) + 



+ g'^'D^x'-dax'^dbX^Tj^'Xix) + g^'g'^DadbX^d.x-'ddx'Tl^'Xix) + 

+ g-'^e'''DadbX^d,x''ddX^T^J'J^{x) + 

+ D^x^D^x^M^^Jix) + g'''g'''DadbX^D,ddx''Mf^{x) + 

+ g'^'e'^^DadbX^D^ddX^M^^Xx) + g'^''DaD^x>'dbx''Nj^J{x) + 

+ e^'DaD^x^dbx''Nj^J{x) + D^D^x^V^{x) + 

+ R^^^g''''dax''dbx''Wl,'J{x) + R^^^e''''daX^'dbx''Wl,^J{x) + 

+ g'^daX^'dbR^^^Y^'-\x) + £"^9„x''a6i?(2)yj2)(^) ^ 

+ R^^^D^x^'U^ix) + D''R^''^Q{x) + R^""^ R^^^C{x)} (9) 

Here F^i^), F^i^), T«,(x), T^Xi^l T^X{xl M«(x), M^){x), Mj^J{x), NW{x), Nj^J{x), 
^M(a^), ^^ui^), Yi'^H^), U^i^), Q{x), C{x) are the background fields. Thus 

the eq.(9) contains the sum of eighteen irreducible terms. Any other expression of dimension 
four can be written as a linear combination of the above eighteen terms up to a total divergence. 

Let us notice that we can add to the lagrangian (9) any total divergence and so change the 
background fields. The complete list of divergences of dimension four is 

Da [g'''g''%x''dcx''dax^A%(x) + s'''g''%x^dcx''dax^A^;i^(x) 
+ g'^D''x>'dbx''A^;^Xx) + g''''g'^Dbd,x^''ddx''^k^^}{x) 
+ e''^D'^x''dbx''kf^{x) + e''^g'"^Dbd^x^''ddx''^K'^l^l{x) 
+ g''^DbD^x''A^J\x) + g""^ dbX^ R^"^^ A^^\x) 

+ e'^^'dbX^'R^^^Af {x) + Ajio) ^10) 

It means there should be symmetry transformations of the background fields. For example, the 
invariance of the action under adding the divergence Da (^g°'''g'^^dbX'^dcX'^dcix^A^^^^(x)^ to the 
lagrangian (9) leads to the following symmetry transformations: 

,rp(.l) _ a(1) 

rj.{2) _ .(1) .(1) 

The analogous transformations can be written out for all other background fields. 

Let us notice that these transformations are not gauge ones since they do not concern the 
dynamical variables x^. However one can expect that the requirement of the quantum Weyl 
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invariance will lead to the equations of motion for the background fields. Then the above 
transformations should be the gauge transformations of those equations. 

It is easy to see that these transformations have the following general structure 

E^E + dA, S^S + A (12) 

All background fields are divided into two classes - ones of E-type and ones of S'-type. The 
structure of transformations (12) shows that S'-type fields are Stueckelberg ones. Their rule is 
to provide the gauge invariance in massive theory. Taking into account the invariance under 

the above transformations wc can fix the guagc by setting all the S'-type fields equal to zero. 
The rest background fields are F^L(^), ^m'L(^), W(]){x), W(^{x), C(x), tI^])^{x), T^l^^{x), 
M«(x), U,{x). 

Our aim is to construct the quantum trace of energy-momentum tensor and then to impose 
the requirement of the Weyl invariance. Let us consider the contribution of the first massive level 
to the operator of trace. It presents the sum of eighteen terms in accordance with the number 

of irreducible four-dimensional operators. The coefficients at these operators are combinations 
of the background fields and their derivatives. Unfortunately the final result is complicated 
enough and we will enumerate only the basic properties. 

• a. Trace of the energy-momentum tensor is invariant under the above symmetry trans- 
formations. 

• b. Trace of the energy-momentum tensor is equal to zero if and only if all massive 
background fields are equal to zero. 

• c. Background fields which are the coefficients at the D'^x^ in the action (9) are present 
in the trace only as the coefficients at D'^x^. 

Let us consider the terms proportional to D'^x^ in the action (9). The classical equations 
of motion are 

6 S 

T — ~ GavD^x^ + terms depending on background fields 

^x^^ 

Therefore all the terms ~ D^x^ can be expressed through the classical equations of motion with 
redefinition of some background fields. But we know that the operator of classical equations of 
motion does not contribute to quantum average values. So we can omit all the terms ~ D^x'* 
in the trace and hence in the action (9). The presence or the absence of such terms does not 
infiuent on the quantum average value of the trace operator. 

Thus, setting all the S-type background fields equal to zero and omitting terms ~ D'^x^ we 
will have the following fist of essential background fields: -^/I^AkI^)' ^/ivl^); ^/iv 

C{x). 

4. Renormalization of Background Fields and Composite Operators in Linear 
Approximation. As an illustration of the approach under consideration we will construct 
the renormalized operator of energy-momentum tensor trace on the flat massless background 
{Gfiv — Vnv^ ■^tiv = 0, = 0) taking into account only terms linear in massive background flelds. 
We will use the dimensional regularization and will start investigation from the renormalization 
of the background fields. 
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In the one-loop approximation the divergent part of effective action can be found from the 
following relation 



- Tr P"i«2a3a4 n n n n — 



1 111 
I paia2a-i L HP) |_ P»i f) L P 



(13) 

div 

The coefficients P'^i'^2a3a4^ pai ^ p defined by the eqs(3,4). The denotion (. . Old^ means 
that this terms contain only the pole of the type ^ where e is a parameter of dimensional reg- 
ularization. To extract the pole terms we apply a two-dimensional analouge of the generalized 
Schwinger-DeWitt technique [Q. 

The straightforward calculations lead to 
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div 



27re' 



div 



Da^Da2 ^2 







div 



(14) 



Omitting all calculational details we write out the final result for one-loop divergences in the 
linear approximation: 



Tr In 



6^S ' 



div 



27re 



(15) 



where d is a tangent space dimension and P^'^ is the coefficient p^^"i---"2fc at A; = in the 
eq.(3). The first term in the right hand side of eq.(15) corresponds to the well known one-loop 
renormalization of the dilaton. The second one leads to the following one-loop divergences of 
effective action in sector of the first massive level background fields: 



(16) 



where d"^ = rj^^d^dy. Hence the one-loop renormalization of massive background fields in linear 
approximation looks like that: 



B) 



(1) 



^2 



;i7) 



Here the index o denotes the bare fields. We see that the renormalization has quite the universal 
structure. 

To apply the dimensional regularization we formulate the theory on (2 + e)-dimensional 
world sheet. Then the trace of energy-momentum tensor should have the general form: 



18 



h 



where t/^^"* are functions of the background fields B^^^ and their derivatives. Here dotes denote 
terms which do not contribute to the quantum average values in massive background field 
sector. In accordance with the eq.(18) the trace operator is a linear combination of two- and 
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four-dimensional operators. Hence to construct renormalized trace operator we have to carry 
out the renormahzation of corresponding composite operators and express all bare background 
fields through renormalized ones taking into account the eqs.(17). 

The situation with renormahzation of dimension four composite operators is the same as 
with renormahzation of the effective action. A bare composite operator is written as a sum of 
infinite number of renormalized composite operators of any dimension. However if we want to 
follow given massive level contribution to the quantum trace operator it is sufficient to take 
into account only finite number of renormalized composite operators. 

Let us start with the dimension four composite operators. Consider, for example, the operator 
g^'^g'^'^daX^dbX^dcX^ddX'^ f^yXi^{x), where f^yx^ is some combination of background fields and their 
derivatives. We write = x'* + where are background coordinates and are quantum 
ones. In one-loop approximation we have to consider terms of second order in only. Then 
we should calculate average value and extract the divergent part. As a result we will have in 
linear approximation: 



g''''g'"'dax^d,x''d,x^ddx^ f 



HuXk 



g'^^g'^'^dax^d^x^d^x^ddx^ [ f ,yx.{x) - ^d' f ,,xn{x) 



(19) 



Here brackets denote renormalized composite operators. Now we express bare background fields 

o 

on right hand side of eq.(19) in terms of renormalized ones: /= //^(/ -|- \d'^f) (see the eq.(17). 
As a result we obtain 



g^'g'^'dax'^d.x'd^x^dax^ f .^x. ] = g^'^g'^'d^x^d^x^d^x^dax^ f^^x. 



^ab „cd • 



(20) 



The analogous relations take place for any other dimension four composite operators. In the 
linear approximation all dimension four composite operators are finite. 

Now let us consider the only dimension four operator g'^daX^d},x^r\^iv In this case straight- 
forward calculations leads to the following result: 



[g'^^'dax^d^x^'y]^,)^ - \g''''^ax^^^x''^^, 



e 



P/ - \DaP\>' + - \gabD^P^\^ + (i?(^)Pi 



(21) 



where 



pabc 
pabcd 



\g 9 +9 9 +9 9 ) ^idij.u + 9^ £ ' r'2d 



= 



fib gCd _j_ gaCgbd _j_ gttd gbc 



(22) 



The ftmctions P^^, P^^^, P'^^''^^, P"'""^ 

the differential operator at n = 1. 



are given by the eqs.(3,4) as the coefficients of 
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5. Background Fields Equation of Motion. As a result the renormalized trace of the 
energy-momentum tensor has the form 



(1) 



(1) 



(1) 



(1) 



(23) 



21 



where the prime indicates that there are no terms proportional to D'^x'^ in the summation. The 

requirement of the quantum Weyl invariance is [T] = 0. It means that all functions e\^^ should 
be equal to zero. Thus we obtain the equation of motion for the first massive level background 
fields e\^'' = 0. After straightforward calculations we are able to write these equations in the 
explicit form: 



m 



F. 



(1) 



In 7^(2) _ 1 Q rp{2) _ Q Q TTa(1) 



1 



m 



7(2) , Iq 7.(3) 



(2) 

t^'^v Ak 



- {-2dxM^J - AdxWj^'J + 2dxd^Y^'^ + 2dxd,Y^^^ - Ad^d.dxQ) = 



^"^"^Sa) - dxd'^T. 



(3) 



d,d,T^'^^(.x) + 2d,dxT^%^^ + Ad^F^X. + 4a"F^L 



(3) 
.(2) 



d^^dxT^'^ 



- [-dxMf] - dM^^ - 2d^W;S - '^dxW^^ 

- d.d^Yi'^ - d.dxYj'^ + 2dxd,Y^'^) = 

- 2a"T^^L - 2d,T^^K\ 

+ {Mj^J + 2W;^]) - 2d,Yy^ + d^d^Q) = 

d'Ml^J - 2d^d-Mi'^ + 8f!^1\ - 2a"T2L) + 2a.r(^)«(„,) 

+ {Mj^J + 2wf;j + 2a^ri^)) = 
a^ww - 2a.5"w^w + - 2F^X - 2^ia 



- (m(2) + 2iy^i) - 2a^Fii) + 25^9,Q - 2d^d,C) = 
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+ ^M(2)^ + _ + m^2C = 

d'^C - m^C = (24) 

Here m is the mass of the first massive level of closed string. It can be shown that these 
equations are invariant under the gauge transformations (12). Hence we have a possibility to 
fix the invariance by setting all the Stueckelberg fields equal to zero. Then the eqs.(24) will 
have the form 

(P' - fX = 0, {d' - m^) fX = 0, 

[d^ - m^) Wl^J - 0, (a^ - m^) W'^J = 0, [d^ - m^) C = 0, (25) 

S^F^lx = ^, 5°^SIa = 0, 9°WW = 0, df^W^^}^^, (26) 

2F^l- + 2F«% + m^WW = 0, 4F£)% - 4F£)% + 2m^W^J = 0, 

W^^^"" + 2m^C = 0. (27) 

The equations (25-27) are final. 

Let us consider these equations in details. The eqs.(25) define the standart on-shell condi- 
tions. The eqs.(26) are the transversality conditions. To clarify the content of these eqs. (25-27) 
we introduce 

TP 9 _|_ 9 9 I7'(2) 9 pC-^) 

J^ImuXk — ■^-^^XuK ' ■^-^nKi'X -^-^nXuK -^-^ukuXj 

W, „ = -W^^^ + W^'^^ 

Ak = -^(/ii/) (Ak) (28) 

Then the eqs. (25-27) are rewritten as 

(a2-m2)F^,AK = (29) 
9"F,^.A = 0, 9"F^,Aa = (30) 

W^,^-^F^^",, C^-^W^'^ (31) 

2m^ 

The eqs. (31) mean that the fields W^i, and C are not independent ones. They present simply 
the denotion for the traces -F^a"i/ and F^q'*'^ respectively. As a result the hnear background 
field equations of motion have the form (29,30). 

It is well known that the first massive level of closed bosonic string corresponds to a tensor 
field of fourth rank f^i^ap = f{^u){ai3) satisfying the on-shell equations (29) and also the conditions 
of transversality (30) and of tracelessness inside two pairs of indices. Thus the theory under 
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consideration will correspond to the first massive string excitations if we impose the additional 
requirements F^^a°' = 0, F^" = on the background fields in the lagrangian (9)0. 

6. Conclusion. In this paper we have presented the generalization of cr-model approach 
allowing to describe the interaction of both massless and massive string modes. The model 
including the background fields corresponding to the first massive level has been considered in 
details. 

We have shown that the renormalization of the theory with finite number of massive level 
contributions is realized independently on higher massive levels background fields. It allows 
to investigate the proposed model by standart methods of the renormalization theory and 
to derive the renormalized trace of the energy-momentum tensor. Then the requirement of 
quantum Weyl invariance leads to equation of motion for all massless and massive background 
fields. This programme has been realized in one-loop weak field approximation and the result 
corresponds to the first massive level spectrum of closed bosonic string under some restrictions 
on the background fields. We believe that to get these restrictions in framework of our approach 
it is sufficient to find two-loop weak field contribution to the quantum trace. 

It is obvious that the proposed approach can as well be realized beyond the weak field 
approximation, when interactions of massive modes with each other and with massless modes 
are taken into account. Since the background fields corresponding to massive string levels 
include fields of higher spins we can expect that this approach opens the way to construct the 
theory of interacting massive higher spins coupled to gravity. 

Acknowledgements. I.L.B. is very grateful to Hugh Osborn for a warm hospitality at 
DAMTP, University of Cambridge and fruitful discussions. He is thankful to A.A.Tseytlin for 
stimulating detailed discussions and critical comments and to C.Hull, P.Townsend, P. West for 
useful conversations. 



^The problem of tracelessness condition has been established in approach of exact renormalization group for 
open string in It has been noticed in ]To| that to obtain this condition for open string one should consider 
two-loop approximation. 
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